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Frequency-Load Interaction of Imperfect Angle-Ply
Cylindrical Panels Under Compression and Pressure

Isaac Du* and David Huif
The Ohio State University, Columbus, Ohio

This paper deals with the influence of geometric imperfections on the linear vibration frequencies of thin,
laminated angle-ply, simply supported antisymmetric cylindrical panels under axial compression and lateral
pressure. It is found that the presence of small geometric imperfections of the order of a fraction of the shell
thickness may significantly raise the fundamental frequencies and change the optimal fiber angle that maximizes
the frequency. The interaction curves between frequency axial load and frequency-pressure are plotted for
graphite-epoxy angle-ply cylindrical panels likely to be encountered in practice.
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= stress function in vibration state
= stress function in previbration static state
= number of axial half-waves in the geo-

metric imperfection and previbration dis-
placement
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number of axial half- waves in the vibra-
tion mode

number of circumferential half-waves in
the vibration mode
nir/ds
number of layers
pR2_/(E2h2)
cor/; nondimensional time
(W/h,WQ/h)
out-of-plane vibration displacement
previbration static out-of-plane displace-
ment
(X,Y)/(Rh)"
B/(Rh)l/2\ the simplified-flatness
parameter
amplitude of the imperfection normalized
with respect to the total thickness of the
laminated shell
Poisson's ratio
NxR/(E2h2)
&/&,.; nondimensional frequency
(ds)2u for Bs < 1 and co* = a; for 6S > 1

I. Introduction

THE influence of geometric imperfections on vibration of
isotropic homogeneous plates and shells has been a sub-

ject of considerable interest over the past ten years. The effects
of imperfections on vibrations of rectangular plates,1"3 open
cylindrical panels,4 closed cylindrical shells,5'8 and spherical
shells9 have been examined.
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The effects of these imperfections on vibrations of com-
posite (laminated) rectangular plates have also been studied.
Such effects on vibration of laminated antisymmetric angle-
and cross-ply rectangular plates with various in-plane and out-
of-plane boundary conditions were investigated by Hui10'11

and verified using the finite-element method by Kapania and
Yang.12 Further work on the vibration of symmetrically
laminated, imperfect rectangular plates with rotationally
restrained edges was conducted by Bhattacharya.13 However,
it appears that the present paper is the first attempt in the open
literature to study the effects of imperfections on vibration of
composite-material shells.

The present investigation deals with the effects of geo-
metric imperfections on the linear fundamental frequencies
of simply supported, antisymmetric laminated angle-ply
cylindrical panels under axial compression and internal and
external lateral pressure. From previous studies, the presence
of an imperfection of the same spatial form as the vibration
mode will significantly increase (with some exceptions) the
vibration frequencies of plates and shells, even for imperfec-
tion amplitude of the order of a fraction of the thickness.
This demonstrates that the actual geometric imperfection of
arbitrary shape encountered in practice cannot be "safely"
neglected. In addition to the complicated effects of the
geometric and material parameters, the present study aims to
emphasize the interactions between the geometric imperfec-
tions, the preloads, and their effects on the optimum fiber
angle that maximizes the fundamental frequency in typical
vibration problems. Certain trends in the vibration frequen-
cies of laminated cylindrical panels that cannot be deduced
from the laminated rectangular plates are noted and
discussed.

The analysis is based on a solution of Donnell-type non-
linear equilibrium and compatibility equations of a lami-
nated cylindrical shell. The previbration, static nonlinear
compatibility equation is satisfied exactly, and the static non-
linear previbration equilibrium is solved approximately using
a Galerkin procedure. Similarly, the linearized dynamic com-
patibility equation is satisfied exactly, and the linearized
dynamic equilibrium is solved approximately using a
Galerkin method. Thus, despite the one-term solution used
in the present analysis, the computed frequencies are upper
bounds. An explicit relation involving the vibration frequen-
cy, the axial compression, and lateral pressure preloads is
obtained in closed form in terms of the wavenumbers of the
geometric imperfections and the vibration mode. The fun-
damental frequency is searched for all possible discrete
values of the vibration wavenumbers.

Example problems are chosen from various angle-ply,
simply supported, square cylindrical panels that may be en-
countered in practice. Frequency-axial load and frequency-

9s=B/(Rh) l /2

Fig. 1 Geometry of the imperfect laminated cylindrical panels.

pressure interaction curves are plotted for perfect and im-
perfect antisymmetric angle-ply cylindrical panels.

II. Governing Differential Equations
and Previbration State

The nonlinear equilibrium and compatibility equations of
a laminated cylindrical panel, written in terms of an out-of-
plane displacement W and a stress function F, incorporating
the possibility of the presence of an initial geometric im-
perfection WQ, are, respectively,14'15

. (F) + ( l/R)F,xx

(1)

(2)

where X and Y are the axial and circumferential coordinates,
R is the shell radius, p is the mass of the shell per unit sur-
face area, p is the lateral pressure (positive for external
pressure), / is time, and LA*, Lfi*, and LD* are the differen-
tial operators defined by Tennyson et al.16 Note that Wand
WQ are positive outwards. The following nondimensional
quantities are introduced:

), f=F/(E2h3), p=pR2/(E2h2)

where h is the total thickness of the laminated shell, cor is the
reference frequency, and E2 is Young's modulus in the
transverse direction. Thus, the nonlinear equilibrium and
compatibility equations, written in the nondimensional form,
are, respectively,

w, „ + Ld. ( W) + Lb. (/) +ffxx =/,„ ( w + wQ)fx

+f,xx ( W + Wo),,, ~2f,xy(\V + W0),^ -P

W0), ; X W0|,,

(4)

(5)

For an angle-ply cylindrical panel, the nondimensional linear
operators are

\xyyy

?2( \yyyy (6)

Lb.( )=

where

(7)

The laminated cylindrical panel is simply supported at all
four edges. The geometric imperfection and the previbration
static deflection are assumed to be of the same spatial form

[wp(x,y),w0(x,y)] = i

where

J=jirB/(LOs)

sin(Jx) sin(A»

es=B/(Rh)1'

(8a)

(8b)
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Fig. 2a Fundamental frequency vs simplified-flatness parameter
for imperfect, angle-ply (NL = infinite), simply supported, square
cylindrical panels with fiber angle 0 = 15 and 75 deg.
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Fig. 2b Fundamental frequency vs simplified-flatness parameter
for imperfect, angle-ply (NL = infinite), simply supported, square
cylindrical panels with fiber angle 6 = 45 deg.

Although the imperfection shapes are random in practical
shell structures, the introduction of geometric imperfections
of specified shape will considerably simplify the theoretical
analysis, and will provide useful information on the possible
effects in a preliminary design, especially if the effects of
these imperfections on the vibration behavior are significant.
As shown in Fig. 1, L is the length of the cylindrical panel, B
is the curved distance between the two longitudinal edges,
the positive integers j and k are the number of axial and cir-
cumferential half-waves, respectively, and /* is the amplitude
of the imperfection normalized with respect to the total
thickness of the laminated shell h. Furthermore, the
simplified-flatness parameter 6S is defined to be the ratio of
panel width B to the characteristic length (Rh)l/2, such that

the present problem does not depend on the individual values
of R/h and B/R but on B/(Rh)l/2.

Substituting w0(x,y) and wp(x,y) into the nonlinear com-
patibility equation of a laminated cylindrical panel, the
previbration stress function is found to be17

fp (x,y) =f* (x,y) - K) (y2/2) - (p) (x2/2) (9)

where,

f*(x,y)=c0 sin(Jx) sin(Ky) +cf cos(Jx) cos(Ky)

+ [(cvv + /z)2-V][,41 cos(2Jx)+A2cos(2Ky)] (10)

This stress function satisfies the following in-plane bound-
ary conditions approximately18:

Ny(y = 0) = Ny(y = Bs)=0, U(y = 0) = U(y = Os )= const

(11)= L/(Rh)l/2) = const

where the nondimensional axial load ax (positive for com-
pression) is defined in terms of the membrane axial stress
resultant to be

ax=NxR/(E2h2) (12)

and the remaining coefficients are found to be (c0= -c0cw)

c0= -^cw/Ca.(7,A-) cf= -Cb*(J,K)cw/Ca*(J,K)

Al=K^/(32J2a^2) A2 = J2/(32K2a*n) (13)

where

Ca*(P,Q) = a*22P* + (2* f2 + a*66)(P2Q2) + *fi Q4

Cb. (P,Q) - (2Z>2*6 - btMlXQ) + (2b*l6 - b&KPff) (14)

Finally, substituting wQ(x,y), wp(x,y), a n d f p ( x , y ) into the
nonlinear equilibrium equation and performing the Galerkin
procedure, with respect to sin(Jx) sin(Ky), one obtains a
cubic equation in cw + ju, in the form

+ (c072/4)-

(15)

where ?=B/(L62) if bothy and k are odd integers, and £==0
otherwise. As a check on the analysis, it can be seen that in
the special case of zero preload, a^ = 0, p = 0, the previbra-
tion static deflection is identically zero (that is, cw = 0, cQ = Q)
for all values of the geometric imperfection amplitudes.

III. Vibration of Laminated Cylindrical
Panels with Preload

Using a perturbation technique, the total displacement and
stress function can be expressed as the sum of the previbra-
tion state and the perturbed state. Substituting w = wp(x,y)
+ wB(x,y,t) and f=fp(x,y)+fB(x,y,t) into the nonlinear
equilibrium and compatibility equations and linearizing the
resulting equations with respect to WB and/#, one obtains,
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respectively

w, „ + Ld* (WB ) + Lb. (fB ) +fB>xx + ax

=f*,yyWB,X

+pwB>y

c - 2(wp

a* (fB ) - (2) ( W/, + W0),

- ( W, + W0)wWj,jX3C

(16)

(17)

Using a one-term approximation, the vibration mode that
satisfies the simply supported boundary conditions can be
expressed in the form

wB(x,y,t)=sm(Mx) sin(7V» exp(/o>0 (18)

6 S = I , j = k = m = n = l
L/B =

-1-5 -1-0 -0-5 0-5 1-0 1-5

Fig. 3a Fundamental frequency vs imperfection amplitude for
angle-ply, simply supported, square cylindrical panels with Os = l
and fiber angle 0 = (0 and 90 deg), (15 and 75 deg), and 45 deg.

30° 40°

Fig. 3b Fundamental frequency vs fiber angle for imperfect angle-
ply, simply supported, square cylindrical panels with simplified-
flatness parameter Bs = 1.

where ; = (-l)1/2 and a) = d)/cor where d> is the dimensional
frequency. Substituting TVO(JC,^), wp(x,y), and wB(x,y,t) in-
to the linearized dynamic compatibility equilibrium equation,
the stress function that satisfies this equation exactly is
found to be

,y,t) = [c? sin(Mx) sin(Ny)+cl cos(Mx) cos(Ny)

c3 cos((K+N)y])

cos[(K-N)y]

cos[(J+M)x] )exp(/wO (19)

where

cf = -MVCa, (M,N), cl = - Cb. (M,N)/Ca* (M9N)

c2 = (- l/4)(JN-KM)2/Ca* (J-M,K-N)

c3 = (l/4)(JN+KM)2/Ca*(J-M,K+N)

c4 = (l/4)(JN+KM)2/Ca*(J+M,K-N)

c5 = (-l/4)(JN-KM)2/Ca* (J+M,K+N) (20)

Finally, substituting w0(x,y)9 wp(x,y), f*(x,y), wB(x,y,t),
andfB(x,y,t) into the linearized dynamic equilibrium equa-
tion and applying the Galerkin procedure with respect to
sin ( MX) sin(TVy) where

M=mirB/(Lds) (21)

and m is the number of axial half-waves and n the number
of circumferential half- waves, one obtains an explicit rela-
tion among the frequency co, the applied axial load ox9 and
the lateral pressure p in the form

- Cd* (M,N) + [Cb. (M,N)2/Ca* (M,N) ]

- 4 (J^M2 + J2N2)(cfI2H2 + c0/2*//2*)

+ (8) (JKMN) (cfI3H3 + c0/3*//3*)

- (4) (cw

[J2 (K+N)2 +K?(J-M)2] (c3I4H5)

[J2(K-N)2+K2(J+M)2](c4I5H4)

(c5I5H5)}

(22)

where 70-/7 and H0, Hl,...,H1 are defined10 by deleting the
factor TT and replacing k and n with K and Af, respectively.
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Fig. 4a Fundamental frequency vs normalized uniaxial preload for
imperfect angle-ply, simply supported, square cylindrical panels with
05 = 1 and fiber angle 0 = 0 and 90 deg.
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Fig. 4b Fundamental frequency vs normalized uniaxial preload for
imperfect angle-ply, simply supported, square cylindrical panels with
9S = I and fiber angle 0 -15 and 75 deg.

Furthermore, 70*, 70**, 72*, and I* are defined as

70**=[1/(2M+ /)]-

(23)

with y being an odd integer, and 70* = 70* * = 72* = 73* = 0 if y is
an even integer. Finally, 770*, 770**, Hf and 7T3* can be ob-
tained from 70*, 70**, 72*, and 73*, respectively, by replacing M
with TV, 7 with AT, and y with k.

IV. Discussion of Results
The present paper deals with vibration of antisymmetric

angle-ply, simply supported cylindrical panels. The geometric

Fig. 4c Fundamental frequency vs normalized uniaxial preload for
imperfect angle-ply, simply supported, square cylindrical panels with
Bs = l and fiber angle 0 = 45 deg.

parameters involve the simplified flatness parameter and the
length-to-width ratio. In all the following example problems,
the imperfection wavenumbers are chosen to be j - k = 1 and
the aspect ratio is L/B. Furthermore, each layer is or-
thotropic and is made to graphite-epoxy material specified
by

/E2 = 40 (24)

where G12 is the shear modulus and vu is Poisson's ratio.
The number of layers NL is either two or infinite. Unless
otherwise specified, the fundamental vibration mode cor-
responds to the wavenumbers m = n=l. The frequency for
0 = ̂  = 0, NL = infinite is used as the normalizing factor and
it is found to be

d,(0 = a=0, NL = infinite) = 18.805 [E2h/(pR2)]1/2 (25)

Figure 2a shows a graph of the fundamental frequency
(w* = 0Jco for 05<1 and w* = co for 0^>1) vs the simplified-
flatness parameter Os for imperfect, angle-ply, simply sup-
ported, square cylindrical panels. The number of layers NL is
infinite, the imperfection wavenumbers arey = A:= 1, and the
fiber angle is 6= 15 and 75 deg. Note that the fiber angle is
measured from the axial direction. The frequency curves for
15 and 75 deg coincide for the perfect (/>t = 0) laminated
cylindrical panels. The presence of a geometric imperfection
will provide curvatures in the axial and circumferential direc-
tions and hence, they have two effects on the fundamental
frequencies. First, regardless of the sign of the imperfection
amplitude /*, the imperfection will provide a curvature in the
axial direction, causing a significant increase in the fun-
damental frequencies. Second, since the perfect cylindrical
panel has an outward curvature l/R in the circumferential
direction, a positive (bulge outwards as viewed from the
origin) imperfection amplitude will increase the curvature
further, whereas a negative (bulge inwards) imperfection
amplitude will reduce it. Such reduction of the curvatures
and hence the reduction of the frequencies (see the curves for
fjL= -1) is more pronounced for the 75 deg than the 15 deg
designs since the fiber lies predominantly in the circumferen-
tial direction (75 deg). Likewise, the increased frequency due
to positive imperfection amplitude 0*=1) is also more pro-
nounced for the 75 deg than the 15 deg configurations for
the same reason. For a fixed value of the imperfection
amplitude, the plotted fundamental frequencies are approx-
imately constant for 05<1, indicating that the dimensional
frequency is proportional to the square of the simplified-
flatness parameter for Os < 1.
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Figure 2b shows a similar plot for the fiber angle 0 = 45
deg. Again, the fundamental frequencies for positive im-
perfection amplitudes are higher than those for the negative
imperfections. At least for Os< 1, the increase in the frequen-
cies due to imperfection for 0 = 45 deg is less pronounced
than that for the 15 or 75 deg designs, indicating that the 45
deg design may not always result in the largest fundamental
frequency for an imperfect system.

In order to assess the sensitivity of the fundamental fre-
quencies to various magnitudes of the imperfection
amplitude, an appropriate graph is presented in Fig. 3a for
simplified flatness parameter Os = 1, fiber angle 0= (0 deg, 90
deg), (15 deg, 75 deg), and (45 deg) and number of layers
NL = 2 or infinite. For a positive imperfection amplitude, the
increase in the fundamental frequencies is more pronounced
for the 90 deg than the 0 deg configurations. Likewise, for a
negative imperfection amplitude, the reduction in frequencies
is more pronounced for the 90 deg than the 0 deg designs.
Similar observations can be made by comparing the 15 and
75 deg curves. The 0 = 45 deg configuration is relatively in-
sensitive to the presence of geometric imperfection. The fre-
quencies actually lie below that for the 0=15 or 75 deg
designs when the magnitude of the imperfection amplitude is
approximately 0.9. Thus, the 45 deg design may not always
yield the largest fundamental frequency for an imperfect
angle-ply cylindrical panel. Comparing the NL=2 and
NL= infinite curves, the reduction of the fundamental fre-
quencies due to bending-stretching coupling (nonzero bfj) is
more pronounced for the 45 deg than the 75 deg designs.

Figure 3b shows a graph of the fundamental frequency vs
fiber angle for imperfect, simply supported, angle-ply,
square cylindrical panels. For the perfect system, the largest
fundamental frequency occurs at 0 = 45 deg for NL = infinite,
and at 0 = 0 deg for NL=2. However, for imperfect systems
with imperfection amplitude /x= 1 or /*= -1 and NL=2 or
infinite, the largest fundamental frequency occurs at fiber
angle 0 = 0 deg, indicating that the 0 = 45 deg design does not
always yield the largest fundamental frequency.

Figure 4a shows a plot of the fundamental frequency vs
the normalized uniaxial axial compressive preload for im-
perfect, angle-ply, simply supported, square cylindrical
panels, with simplified flatness parameter 05 = 1 and fiber
angle 0 = 0 and 90 deg. The axial buckling load of a cylin-

E|/E2=40, G,2/E2=0-5, v|2=0-25

0s=l , L/B=I, j = k = l , m = l , 1^=2 OR <
3O-

Fig. 5a Fundamental frequency vs external lateral pressure for im-
perfect angle-ply, simply supported, square cylindrical panels with
Os = I and fiber angle 0 = 0 and 90 deg.

drical panel with 0 = ̂  = 0, NL = infinite is used as the nor-
malizing factor

= fji = Ot NL =i (26)

Since the 90 deg configuration is weaker in the axial than the
circumferential direction, the fundamental frequencies may
correspond to higher values of m than unity. This causes a
reduction in the frequencies (compared with the 0 deg
design) for sufficiently large axial compressive preload. In
fact, the fundamental frequencies for imperfect cylindrical
panels with 0 deg rise with the axial preload, whereas they
generally drop in the interaction curves for the 90 deg
design.

Similar observations can be made by comparing the 15 and
75 deg designs plotted in Fig. 4b. Severe reductions in the
fundamental frequencies due to bending-stretching coupling
(nonzero bfj ) are found by comparing the NL=2 and
NL = infinite interaction curves. Such reductions are especially
pronounced for the 0 = 45 deg configurations, as shown in Fig.
4c.
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Fig. 5b Fundamental frequency vs external lateral pressure for im-
perfect angle-ply, simply supported, square cylindrical panels with
es = I and fiber angle 0 = 15 and 75 deg.
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Fig. 5c Fundamental frequency vs external lateral pressure for im-
perfect angle-ply, simply supported, square cylindrical panels with
Os = I and fiber angle 6 - 45 deg.
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9 = 45°, NL=«>
= l, L/B=I, j=k = l,

Fig. 6 Fundamental frequency vs axial compressive preload with
external or internal pressure for imperfect angle-ply, simply sup-
ported, square cylindrical panels with Os = l and fiber angle 0 = 45
deg.

Figure 5a depicts a plot of the fundamental* frequency vs
the normalized preload due to the external lateral pressure
for imperfect angle-ply cylindrical panels with simplified-
flatness parameter Os = l and fiber angle 0 = 0 and 90 deg.
The buckling load due to external lateral pressure for
0 = /z = 0 and NL = finite is used as the normalizing factor

(27)

The fundamental frequencies for the 90 deg design in the
presence of external pressurized preload are found to be
much higher than that for the 0 deg designs. This is a situa-
tion quite opposite to that found in Fig. 4a for axial com-
pressive preload. This indicates that a larger fiber angle
(0 = 90 deg, 75 deg) would result in a stiffer panel than the
0 = 0 deg, 15 deg designs, especially in the presence of
geometric imperfections, as shown in Fig. 5b. The significant
reductions of the fundamental frequencies for 0 = 45 deg due
to bending-stretching coupling are shown in Fig. 5c. Com-
paring Figs. 5a-5c, the largest fundamental frequencies for
the fiber angle 0 = 45 deg are generally lower than those for
the other fiber orientations for imperfect systems.

Finally, a graph of the fundamental frequency vs the nor-
malized axial compressive preload for imperfect angle-ply
(0 = 45 deg and NL = infinite) pressurized cylindrical panels is
depicted in Fig. 6. The applied external (positive) and inter-
nal (negative) lateral pressures are chosen to be 50% of the
lateral pressure needed to buckle the orthotropic shell for
0 = ̂  = 0, NL - infinite. External pressure lowers the fun-
damental frequencies while internal pressure raises them.
The curves for combined (axial compression and lateral
pressure) preload and uniaxial preload behave similarly in a
qualitative sense to each other. Thus, the results presented in
this paper are likely to be qualitatively unchanged in the
presence of an additional (at least, relatively small) lateral
pressure.

V. Concluding Remarks
The effects of geometric imperfections on frequency-load

interaction at angle-ply, square cylindrical panels simply sup-
ported along all four edges have been examined. The panel is
subjected to the possibility of both axial compressive as well
as internal or external lateral pressure preloads. The fun-

damental frequencies are found to be quite sensitive to the
presence of small initial geometric imperfections and
preloads. Particular attention is drawn to the effects of the
sign of the imperfection amplitude, which causes a possible
increase or decrease of the fundamental frequencies as well
as a change in the optimum fiber angle and optimum wave-
numbers of the fundamental mode. The 0 = 45 deg con-
figuration may not always result in the largest fundamental
frequency when compared with designs involving other fiber
orientations. The work on vibrations of axially imperfect
oval cylindrical shells was published as a separate paper.19
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